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4.3 SIM Regression, the security characteristic line. Let's now see how we can use the single-index model to run regressions and how we can interpret our results. 
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Applying the SIM
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Let's look at how we can apply the single-index model. 
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 Say we wanted to determine the relationship between the returns on a single stock and the 
market by way of regression.  As a minimum we would want to know:
 How the stock moved with the market – its 𝛽𝛽
 The portion of the stock’s return which is NOT explained by market movements – its 𝛼𝛼
 The volatility of the stock’s return including the proportional volatility coming from market 

movements vs firm-specific factors – it’s total risk, systematic risk and unsystematic risk
 The proportion of the stock’s movement which is explained by market movements – it’s R2

 We may even want to plot the relationship graphically

 In the simplest case - regressing a single stock against the market – we have only two 
variables:
 The dependent variable – stock returns (or excess returns) which we plot on the y-axis
 The independent variable – market returns (or excess returns) which we plot on the x-axis
 This graphical representation is called the Security Characteristic Line (SCL)

SIM Regression

Presenter
Presentation Notes
We want to determine the relationship between the returns on a single stock and the market by using regression. 

What would we want to know? As a minimum, we'd want to know how the stock move with the market, which is its Beta.
 
We would want to know the portion of the stock's return which is not explained by market movements, which is the Alpha. 

Another way we can describe the Alpha is the degree to which the stock underperforms or outperforms the market that is the measurement of Alpha. 

We'd also want to do some statistical testing on the Alpha and the Beta to determine if they are significant from a statistics point of view. 

We'd want to know the volatility of the stock's return, including the proportional volatility coming from the market versus firm-specific factors. 

In other words, we want to know the stock's total risk, its systematic risk, and its unsystematic risk. 

We'd want to know the proportion of the stock's volatility which is coming from the market, which is measured by its R squared and we probably want to plot the relationship graphically. 

In the simplest case, when we regress a single stock against the market, we only have two variables. We have the dependent variable or the variable we are attempting to explain, which are the stock returns or excess returns. 

We plot that on the y-axis. We have the independent variable which is the cause of the movements in the variable. We want to explain the stock returns. 

The cause we believe is the market returns or excess returns, which we plot on the x-axis. Now, the graphical representation of stock excess returns or stock returns versus market excess returns or returns on the x-axis is called the security characteristic line. 

Let's now take a look at a few examples of the security characteristic line. 
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 As an example, assume we are regressing HP’s (Hewlett Packard) excess returns against the 
S&P500’s excess returns (as a proxy for the market).  We use the following equation: 

𝑅𝑅𝐻𝐻𝐻𝐻𝑡𝑡 = 𝛼𝛼𝐻𝐻𝐻𝐻 + 𝛽𝛽𝐻𝐻𝐻𝐻RS&P500𝑡𝑡
+ 𝜀𝜀𝐻𝐻𝐻𝐻𝑡𝑡

 If we had 5 years of monthly data, we would have 60 monthly observations.  Each plot point 
on our graph represents a monthly observation (from BKM 8.3)

Security Characteristic Line Example 1 - HP

Slope is 
the 𝛽𝛽

Intercept 
is the 𝛼𝛼

Line of best fit 
or “fitted line”

Residuals 
𝜀𝜀

Security 
Characteristic 

Line (SCL)

 The line of best fit (or fitted line) is the 
regression line which best describes the 
relationship between 𝑅𝑅𝐻𝐻𝐻𝐻𝑡𝑡 and RS&P500𝑡𝑡

 The 𝛼𝛼 is the intercept
 The β is the slope
 The residuals 𝜀𝜀 represent deviations 

from the fitted line
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Presentation Notes
The first example we want to look at is from the text. Assume we are regressing Hewlett Packard's excess return against the S&P500's excess return. 

The S&P is our proxy for the market. We would use the following equation. Excess returns on Hewlett Packard equals Hewlett Packard Alpha plus its Beta times the market excess return plus monthly residuals which on average will be captured in the Alpha. 

Now as per the text, if we did say five years of monthly data, we would have 5 times 12, we would have 60 observations, and each of these points here represents a monthly observation.
 
That's a sample data point, each of these. Then, we would attempt to run a line of regression, a line of best fit, which is the regression line which best describes the relationship between this scatter of observations. We call that line of best fit the security characteristic line. 

What that line is, is an attempt to minimise the distance between each of these observations and the line.
 
It's the line of least squares or the fitted line. That line attempts to describe this data the best. The intercept of this line tells us when the market return is zero what the stock actually returns. 

That tells us the returns that are unassociated with market movements or the degree of outperformance or underperformance of the market. In other words, it is the Alpha. In this case, we can see positive Alpha.
 
The stock Hewlett Packard is outperforming the market on average. The slope of the line tells us the relationship between the y and x-axis. 

In other words, the relationship between the stock's returns and the market returns and that is the Beta.
 
These distances here, I guess unexplained returns or the returns that aren't explained by the market movements month to month, this distance is residual, this distance is residual. 

This distance is residual. All of those and the fitted line has attempted to minimise the distances between those residuals and the fitted line. That is the best line to describe that scatter of data points. 

It minimises the residuals.
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 The correlation between HP and the market is 0.72 and the market explains about 52% of the 
variation in HP (the R2)

 HP’s 𝛼𝛼 is 0.86% per month (10.32% annually) but it is not statistically significant

 HP’s 𝛽𝛽 is 2.035 with a 95% confidence interval (+/- 1.96x standard error) of ≈1.54 - 2.53

 HP’s 𝛼𝛼 is not significant and the 95% confidence interval for it’s 𝛽𝛽 is between 1.54 - 2.53 

HP’s SCL Regression Statistics Example 1

Correlation 
Coefficient 

R2 is the % of HP’s 
movement explained 

by the market

𝛼𝛼

𝛽𝛽

Significance 
testing of 𝛼𝛼 and 𝛽𝛽
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That's how we interpret the security characteristic line. 

Then, we would want a whole bunch of statistics. Wouldn't wait to try and analyse it a little bit deeply. 

We would want to know, for example, the correlation between the stock and the market. In this case, the correlation is 0.72, which means one way you could interpret it, 70 percent of the time the stock moves with the market. 

That's the correlation. The correlation squared tells us the R squared.
 
The market movements explain about 52 percent of the movement in the stock. 

Now, from a statistics point of view, you would probably more technically use the adjusted R squared that adjusts for an upward bias and the R squared due to the degrees of freedom bars we've talked about that in the past. 

Technically, it's the more correct figure. 

This is the more correct description of the R squared. But basically, it's saying that this 52 percent of the stock's movements is caused by market movement.
 
We would want to know the Alpha, which is of course the intercept. That positive gap we saw here. 

That is the measurement in this space of the Alpha just there and, of course, it's going to be positive. 

It's basically 0.86 percent a month, which if we simply multiply by 12 is 10.3 percent per annum, which would be very important Alpha if we could rely on it. 

However, it has a too higher standard error and is, therefore, its t-statistic is too low. We can't reject it. 

There is no Alpha here. It's not statistically significant. We would want that P-value to be below five percent. We want to know the Beta, which is the slope here, 2.03 is the Beta. 

The 95 percent confidence interval is between 1.54 and 2.53. How do we calculate that? Well, we know 95 percent of a normal distribution sits within plus or minus 1.96 standard errors of the mean. 

The standard error is 0.25. So plus or minus 1.96 times 0.25 either side of 2.03 gives us the 95 percent confidence interval range of 1.54-2.53. 

What can we conclude here? Hewlett Packard's Alpha over this five-year sample period is not significant and its Beta sits somewhere between one-and-a-half and two-and-a-half.
 
We can say that with about 95 percent degree of confidence. 
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 Example: Using the monthly data from October 1976 to March 2017 (486 observations) plot 
the SCL for BRK by regressing monthly BRK excess returns against the monthly market 
excess returns. Interpret your results - is 𝛼𝛼 and 𝛽𝛽 significant, what does the R2 indicate?

 See excel file “Berkshire Hathaway SCL” or watch video for detailed steps in excel

Security Characteristic Line Example 2 - BRK
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BRK.A SCL (Blue) with Residuals (Red) Monthly

Predicted Stock Excess
Returns (Ri)

Slope is 
the 𝛽𝛽

Intercept 
is the 𝛼𝛼

Line of best 
fit or “fitted 

line”

Residuals 
𝜀𝜀

Security 
Characteristic 

Line (SCL)
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Let's do another example. This time a stock we already know from previous lessons has Alpha. Let's look at Berkshire Hathaway. 

Using the monthly data from October 1976 to March 2017, 486 monthly observations, basically 41 years at 12 months a year.
 
Plot the SCL for Berkshire Hathaway by regressing its excess returns against the monthly market excess returns. Interpret your results. Is the Alpha and the Beta significant? What does the R square indicate? 

We have a full file of this. We also have a video of how we can plot this in Excel as well and the Excel file and the video goes through the steps. 

We'll look at the results here, but there are also videos and the Excel file itself that you can go through for more detail. 

But here we have, each of these dots represents one of 486 monthly observations over the 40 years. 

Each of the red dots is a monthly observation and then what we've tried to do is fit a line, this blue line here, this line is exactly the same as this line, but I've made it cleaner by taking out the dots and focusing in on it more.
 
This line attempts to explain this scatter of observations the best it possibly can. It's the line of best fit, the line that minimises the distance to the residuals. 

We call that the security characteristic line. 

That is the line of best fit, the line that minimises the residuals. The line that best describes that scatter diagram of 486 monthly observations. The intercept is the Alpha.
 
Now, of course, we already know that Berkshire Hathaway has positive Alpha over those 40 years. 

Roughly, Berkshire Hathaway outperforms the market about one percent per month. One looks like 1.1 percent per month, something of that nature over that 40 percent period. 

That we scroll to Alpha, 1.1 percent a month. We've already determined that the Alpha on Berkshire Hathaway over that 40 year period was 13.4 percent, which is about 1.1 percent per month. The slope is the Beta. We've already determined that is around about 0.7.
 
Here are the residuals and you can see quite big distance to the residuals because of the special skills or the unsystematic risk, I guess to the upside that Warren Buffett brings to his management of Berkshire Hathaway. 

There are residuals there. 
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 The correlation between HP and the market is 0.44 and the market explains about 20% of the 
variation in BRK (the R2)

 BRK’s 𝛼𝛼 is 1.11% per month (13.4% annually) and it is statistically significant at the 99% 
confidence interval

 BRK’s 𝛽𝛽 is 0.698 with a 95% confidence interval (+/- 1.96x standard error) of ≈0.57 – 0.82

 BRK’s 𝜶𝜶 is significant and high and it’s 𝜷𝜷 is low (95% confidence interval of 0.57 – 0.82) 

 
 

 
  
 

 

Coefficients Standard Error t Stat P-value Lower 95% Upper 95%
Intercept 0.011130915 0.002849682 3.90602051 0.00010717 0.00553164 0.01673019
X Variable 1 0.698217453 0.063986786 10.91190074 6.18982E-25 0.572491261 0.823943644

Regression Statistics
Multiple R 0.444341315
R Square 0.197439205
Adjusted R Square 0.195781021
Standard Error 0.062203481
Observations 486

 

    

  

BRK’s SCL Regression Statistics Example 2
Correlation 
Coefficient 

R2 is the % of BRK’s 
movement explained 

by the market

𝛼𝛼

𝛽𝛽

Significance 
testing of 𝛼𝛼 and 𝛽𝛽
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As we can see, the correlation is fairly low, only 0.44 and the R-squared is only 19 percent. In other words, only about 19,
 
20 percent of the variation in Berkshire Hathaway is caused by market movements and that makes sense. 

There would be a lot of unsystematic risk when you buy Berkshire Hathaway because what you're relying on is a very important firm-specific factor, which is Warren Buffett's expertise at picking stocks, which is different from the market. 

Like I said, very low R-squared as we would expect. 

Alpha we've already said is 1.1 percent a month or 13.4 percent a year.
 
There it is there the y-intercept and it is statistically significant. 

Here's our significance testing. Very high t-stat at the 99 percent confidence interval. 

The Beta is 0.9 with quite a tight range around it, like1.57-0.82. So, it's somewhere below one. With very high confidence, we can say that. 

We can basically conclude that Berkshire Hathaway has traditionally exhibited Alpha. Insignificant it's high.13.4 percent a year is very high, particularly over 40 years and its Beta is quite low. 

It's somewhere between 0.57-0.82. On average it's about 0.7. Warren Buffett outperforms the market with lower risk than the average stock in the market and we can say that based on those results. 
 
But there is an Excel spreadsheet and video on that if you want to have a closer look. 
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SIM and Diversification

ZZBU8701
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 The SCL fitted line represents the systematic return component (due to market movements)
 The residuals represent deviations from the predicted or expected return (the fitted line)

• We categorise all of these deviations as firm-specific movements (unsystematic)
 If the observations hug the fitted line, much of the asset’s movement is caused by market 

movements (high R2) and it’s risk is mostly systematic. If the observations are dispersed, 
much of the asset’s movement is firm-specific (a low R2) and it’s risk is mostly unsystematic

 By grouping a number of stocks into a diversified portfolio, firm-specific movements offset 
each other, reducing unsystematic risk - the observations will hug the fitted line    

Single Stock Well Diversified Portfolio

Unsystematic Risk Under SIM

𝑹𝑹𝒊𝒊 𝑹𝑹𝒑𝒑

𝑹𝑹𝑴𝑴𝑹𝑹𝑴𝑴

SCL

Presenter
Presentation Notes
Let's have a look at unsystematic risk under the SIM.
 
The fitted line represents the systematic return component due to market movement. 

That line there, the regression line is the SCL and that tells us the degree of movements in that stock that are caused by market movements. 

Obviously when we run a scattered diagram of monthly or weekly or daily observations and the scattered diagram hugs the line, it means that that stock would have a very high R-squared against market movements, meaning in this case here the monthly observations hug the line, meaning a lot of the movement in that stock is due to market movements. 

In this case here, the observations are all over the place. They generally move up when the market moves up, which is what we'd expect, but they're not hugging the line. 

This example here would have a much lower R-squared. The market does not explain a lot of the variability in that single stock.
 
The residuals represent deviations from the predicted or expected return. 

These are all residuals here as we've already discussed. 

The bigger the residuals the less the line describes the relationship. In other words, the more systematic risks there is. 

The bigger the scatter, the water, the dispersion, the more unsystematic risk we have in that stock or portfolio. Those are all counted as unsystematic firm-specific movements.
 
We described that to firm-specific, firm-specific, firm-specific whereas here there's very little firm-specific movement. The observations hug the line. 

Most of the movement is due to stock movements. If they hug the line much is caused by market movements. 

We have a high R-squared and the risk is mostly systematic. When the observations are dispersed much of the asset's movement is firm-specific, has a low R-squared, and its mostly unsystematic risk,
 
so unsystematic risk, largely systematic risk. The way that we can minimise unsystematic risk is forming portfolios. By forming portfolios stocks move against each other. 

They counteract each other. Some will move down, some will move up, some move in opposite directions. Often what you'll find is when you run regressions on portfolios you get very high R-squared. 

The monthly observations or weekly observations tend to hug the security characteristic line.
 
When you get single stock regression's you tend to get high unsystematic risk, the residuals are dispersed, the monthly observations are dispersed, the monthly observations do not hug the security characteristic line. 
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 Lets see why unsystematic risk can almost be eliminated by a well diversified portfolio

 The residual (unsystematic) variance of an equally-weighted portfolio is given by:

𝜎𝜎𝜀𝜀𝑝𝑝
2 =

∑𝑖𝑖=1
𝑛𝑛 𝜎𝜎𝜀𝜀𝑖𝑖

2

𝑛𝑛2

 In other words, we add all the residual variances of each individual asset in our portfolio and 
rather than dividing by n, we divide by n2 to obtain portfolio residual variance   

 When n gets large, 1
𝑛𝑛2
→ 0 and 𝜎𝜎𝜀𝜀𝑝𝑝

2 becomes negligible 

 Firm-specific (unsystematic) risk (measured by the residual variance) is diversified away

 The more assets in the portfolio, the more unsystematic risk is eliminated
 Portfolio systematic risk will converge to market risk 𝜎𝜎𝑀𝑀2 as we add more assets, because 

portfolio 𝛽𝛽𝑝𝑝 converges to 1 (from the equation discussed in 4.2: 𝜎𝜎𝑝𝑝2 = 𝛽𝛽𝑝𝑝2 𝜎𝜎𝑀𝑀2 + 𝜎𝜎𝜀𝜀𝑝𝑝
2 )

Unsystematic Risk Under SIM

Presenter
Presentation Notes
Why is that so? Let's look at the mathematics of it. 

Why can unsystematic risk be eliminated by a well diversified portfolio? Well, the residual variance of an equally weighted portfolio is given by.
 
This is residual variants at a portfolio level, might be 10 stocks, might be 50 stocks. 

What we do there is we sum all of the individual stocks. 

Say we had 20 stocks in our portfolio, I would sum all of the residual risk, the residual variance of all of those 20 stocks I would sum them. 

That's in the numerator. So, I'd sum the 20 stocks unsystematic risk or residual variance, sum them 20. Then I would divide by not 20 to get the portfolio,
 
I would divide by 20 squared. In other words, I would divide by 400. Now that is mathematics. 

Again, we don't need to prove this equation, just understand it. If you had 20 stocks you would divide by 400. If you add 30 stocks you would divide by 900. 

As n gets very large, obviously 1 divided by n squared approaches 0. By dividing by 900 we're approaching zero and the portfolio unsystematic risk becomes negligible.
 
Firm-specific unsystematic risk is diversified away. 

As you add more and more stocks, you're dividing the sum of the residual variance by the number of stocks squared. 

If you get 20, 30 stocks you're starting to divide by 400 by 900, your unsystematic risk is almost eliminated. It approaches zero. 

The more stocks in the portfolio, the unsystematic risk is eliminated and by the way what would also happen, remember this very important equation which we'll look at in project 2, total portfolio risk equals Beta squared times market variance, which is the systematic component plus residual variance, which is the unsystematic component. 

Well, what would happen to our portfolio variance as we added more and more stocks? 

We already have shown up here that this approach is zero. Obviously as we adding more and more stocks our stock portfolio is converging towards market Beta. 

In other words, it's converging towards one and therefore, our portfolio's risk would converge towards
 
market variants as well or our standard deviation would converge towards market standard deviation. 
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Unsystematic Risk Falls With Diversification 

 A portfolio of around 25-30 uncorrelated stocks almost fully eliminates unsystematic risk

 From BKM Figure 8.2

Unsystematic Risk

Number of portfolio stocks n

𝝈𝝈𝒑𝒑𝟐𝟐

Presenter
Presentation Notes
Here is the graphical representation of this. 

You've seen this before, you've seen this graph earlier, but here is the whole technical version of it. 

As we add more and more stocks to our portfolio, our portfolio risk falls and what specifically is falling is unsystematic risk converging towards zero. 

What is happening is because our Beta is converging towards one, our portfolio risk is converging towards the market risk, which is what we call systematic risk. 

Here it is converging towards the market level of standard deviation. 

There is a lot of mixed evidence on this. More recent evidence is saying you need more stocks. 

Older evidence is saying that you need only 20 or 30 stocks. If you have 20 or 30 uncorrelated stocks it almost fully eliminate unsystematic risk.
 
Ray Dahlia says you only need 15. Some of the recent evidence is saying somewhere between 50-100 because markets are becoming a little more volatile. 

But there is some reading you can do. I've given you two examples, but if you look on the internet you could find many examples of studies done on how many stocks in your portfolio are required to achieve diversification. 

The standard hedge fund as we know, the mutual fund is running portfolios with 200 stocks, 300 stocks, the standard hedge fund is running portfolios with 15-20 stocks and that is because the hedge fund believes that at 15 or 20 stocks, you're getting down here anyway. 

You've largely eliminated unsystematic risk. 

Why hold another 200 stocks that I don't particularly like to get this extra decrease in my unsystematic risk because you get your risk reduction with diminishing benefits. 

See how I'd fall steeply at first and then diminishes as we add more and more stocks. Hedge funds believe you get most of this benefit with 15-20 stocks. 

Anyway, have a read of those articles. Thank you. We'll next move on to 4.4 where we'll take some empirical testing of the CAPM and SIM models.
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